
 
Thespectmmoting
The functor spec lets us associate a geometric object

to each ring

Def let R be a ring let Speer denote the set of

prime ideals of R

We define a topology the tarski topology on Speck

as follows

For any subset I ER I P cSpeck IEP

Note VCI V ideal gen by I so we can restrict our

definition to ideals

In fact by section 2 I V TI

I are the Eets of the Zariski topology

Note V o SpecR and V R

Claim
a A VCI V EI
b V I U V J V In J V IJ



Rf a Pe NV Ix P UI Pew In

b IJ EI NJ so V IJ Z VIA J

If P c VCI UV J then PII or J W PII h J

so V I UV J E INT

Now suppose P2 IT but PDI i e there is

a c I but u P V ve J UV c P so ve P

Thus J EP I U VCJ IV IJ D

Note that a single point set P is closed iff P is

maximal The subset of max l ideals is maxspectR

Geometrically these are the points we usually consider

Ex c Spec tix fix f an irred polynomial

If k is algebraically closed these are in

bijection w sets of points on k and o

More about this in
maxspec RCH points of k the next section

2 maxspec kCx y x a y b I a bek k E

so the closed points are in bijection w k

The other points of spec correspond to curves



defined by irreducible polynomials f x y
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More generally IAI spec kCx x

Specasa functor

Spec is a contravariant functor from rings to topological
spaces

HW look

If 4 R S is a ring map then define
tfmwYEaTit

Spec 4 spec 5 Spec R

P 4 P

This induced map is continuous i e the preimage
of a closed set is closed



Chaim If 4 R S is a ring map and I ER Then

Spec4 VCI V Y II

PI P is in the LHS 4 P e V I IE 4 P

4 I EP P is in the RHS D

we already knowthat the prime ideals of RTI are in

correspondence w prime ideals in SpecR containing I

In fact

Chaim
The map Spec RTI Spec R is a homeomorphism

of spec RE w V I CSpec R

Check this similar problem on Hw

a homeomorphism is a continuous invertible map whose

inverse is also continuous

Ex Consider the quotient 12 Thz What is

The induced map on spec

Spec o

Spec R o 2 3 S



So we want the pre image of o which is 2

So o 1 z

Ex If 17 IQ is the inclusion what is the map
on spec is a field so specQ Ko and

so O 1 o

Def If R is a ring the quotient by the nil radical

Rred Pym

is called the reduced ringotR

Since N is contained in every prime ideal we get
N _Speck and from above the quotient map

R Rued induces a homeomorphism

SpecRred SpecR

see Hw


